Abstract. Let A be a non-projectively-pluripolar set in a Fréchet space E. We give sufficient conditions to ensure the convergence on some zero-neighbourhood in E of a (sequence of) formal power series of Fréchet-valued continuous homogeneous polynomials provided that the convergence holds at a zero-neighbourhood of each complex line ℓa := Ca for every a ∈ A.
Introduction
In mathematics, a formal power series is a generalization of polynomials as a formal object, where the number of terms is allowed to be infinite. The theory of formal power series has drawn attention of mathematicians working in different branches because of their various applications. One can find applications of formal power series in classical mathematical analysis and in the theory of Riordan algebras. Specially, this theory lays the foundation for substantial parts of combinatorics and real and complex analysis.
A formal power series f (z 1 , . . . , z n ) = c α1,...,αn z α1 1 . . . z αn n in C n , n ≥ 2, with coefficients in C is said to be convergent if it converges absolutely in a zero-neighborhood in C n . A classical result of Hartogs states that a series f converges if and only if f z (t) = f (tz 1 , . . . , tz n ) converges, as a series in t, for all z ∈ C n . This can be interpreted as a formal analog of Hartogs theorem on separate analyticity. Because a divergent power series still may converge in certain directions, it is natural and desirable to consider the set of all z ∈ C n for which f z converges. Since f z (t) converges if and only if f w (t) converges for all w ∈ C n on the affine line through z, ignoring the trivial case z = 0, the set of directions along which f converges can be identified with a subset of the projective space CP n−1 . The convergence set Conv(f ) of a divergent power series f is defined to be the set of all directions ξ ∈ CP n−1 such that f z (t) is convergent for some z ∈ ̺ −1 (ξ) where ̺ : C n \ {0} → CP n−1 is the natural projection. In the two-variables case, Lelong [12] proved that Conv(f ) is an F σ -polar set (i.e. a countable union of closed sets of vanishing logarithmic capacity) in CP 1 , and moreover, every F σ -polar subset of CP 1 is contained in the Conv(g) of some formal power series g. The optimal result was later obtained by Sathaye [18] who showed that the class of convergence sets of divergent power series in two-variables is precisely the class of F σ -polar sets in CP 1 . Levenberg and Molzon, in [13] , showed that if the restriction of f on sufficiently many (non-pluripolar) sets of complex line passing through the origin is convergent on small neighborhood of 0 ∈ C then f is actually represent a holomorphic function near 0 ∈ C n . By using delicate estimates on volume of complex varieties in projective spaces, Alexander [1, Theorem 6.1] showed that if the restriction of a sequence (f m ) m≥1 of formal power series on every complex line passing through the origin in C n is convergent on compact sets (of the unit disk ∆ ⊂ C) then (f m ) m≥1 is the series of holomorphic function on the unit ball ∆ n ∈ C n which is convergent uniformly on compact sets. By considering the class P SH ω (P n ) of ω-plurisubharmonic functions on P n with respect to the form ω := dd c log |Z| on P n , Ma and Neelon proved that a countable union of closed complete pluripolar sets in P n belongs to Conv(P n ). This generalizes the results of Lelong [12] , Levenberg and Molzon [13] , and Sathaye [18] . In the same work, they also showed that each convergence set (of divergent power series) is a countable union of projective hulls of compact pluripolar sets. Recently, based on an investigation on a projectively pluripolar subset of C n (via logarithmically homogeneous plurisubharmonic function) Long and Hung [14] have shown that a sequence (f m ) m≥1 of formal power series in C n converges uniformly on compact subsets of the ball ∆ n (r 0 ) ⊂ C n for some r 0 > 0 if for each m ≥ 1, the restriction of f m to the complex line ℓ a := Ca is holomorphic on the disk ∆(r 0 ) ⊂ C for every a ∈ A, a non-projectively-pluripolar set in C n .
The main goal of this paper is to study the convergence of a (sequence of) formal power series of Fréchet-valued continuous homogeneous polynomials. To prepear for the proofs of the main results, with the help of techniques of pluripotential theory, we investigate the Hartogs lemma for sequence of plurisubharmonic functions for the infinite dimensional case (Theorem 3.2). The first main result, Theorem 3.6, gives a condition on a non-projectivelypluripolar set A in a Fréchet space E such that a formal power series f of Fréchet-valued continuous homogeneous polynomials of degree n on E converges in a neighbourhood of 0 ∈ E provided that the restriction of f on the complex line ℓ a is convergent for every a ∈ A. Theorem 3.2 also allows us to treat the problem on the extension to a entire function from the unit ball ∆ n ⊂ C n of a C ∞ -smooth function f. Naturally, the condition "for a non-projectively-pluripolar set A, the restriction of f on every ℓ a , a ∈ A, is entire function" will be considered here (Theorem 3.7). This result may be considered as a Fréchet-valued version of the Forelli theorem [19] .
The problem considered in the last result, Theorem 3.8, is giving the conditions under which a sequence of formal power series of Fréchet-valued continuous homogeneous polynomials on C n converges on a zero-neighbourhood. Another expression of this theorem will show that this is an extension of Alexander's theorem for the Fréchet-valued case.
Preliminaries
The standard notation of the theory of locally convex spaces used in this note is presented as in the book of Jarchow [10] . A locally convex space is always a complex vector space with a locally convex Hausdorff topology. For a locally convex space E we use E ′ bor to denote E ′ equipped with the bornological topology associated with the strong topology β.
The locally convex structure of a Fréchet space is always assumed to be generated by an increasing system ( · k ) k≥1 of seminorms. For an absolutely convex subset B of E, by E B we denote the linear hull of B which becomes a normed space in a canonical way if B is bounded (with the norm · B is the gauge functional of B).
Let D be a domain in a locally convex space E. An upper-semicontinuous function ϕ : D → [−∞, +∞) is said to be plurisubharmonic, and write ϕ ∈ P SH(D), if ϕ is subharmonic on every one dimensional section of D.
A subset B ⊂ D is said to be pluripolar in D if there exists ϕ ∈ P SH(D) such that ϕ ≡ −∞ and ϕ B = −∞.
A function ϕ ∈ P SH(E) is called homogeneous plurisubharmonic if
We denote by HP SH(E) the set of homogeneous plurisubharmonic functions on E. We say that a subset A ⊂ E is projectively pluripolar if A is contained in the −∞ locus of some element in HP SH(E) which is not identically −∞. It is clear that projective pluripolarity implies pluripolarity. The converse is not true (see [14, Proposition 3.2 b] ). Some properties, examples and counterexamples of projectively pluripolar sets may be found in [14] . We introduce below a few examples in locally convex spaces.
Example 2.1. Let E be a metrizable locally convex space. Fix a ∈ E. Then, the complex line ℓ a , hence, every A ⊂ ℓ a , is projectively pluripolar in E.
Indeed, let d be the metric defining the topology on E. Consider the function
It is easy to check that ϕ ∈ HP SH(E), ϕ ≡ −∞ and ℓ a ⊂ ϕ −1 (−∞).
Example 2.2. Let E be a Fréchet space which contains a non-pluripolar compact balanced convex subset B. By the same proof as in Example 2.1, the set ∂B is pluripolar. However, ∂B is not projectively pluripolar in E. Otherwise, we can find a function ϕ ∈ HP SH(E), ϕ ≡ −∞ and ∂B ⊂ ϕ −1 (−∞). For every z ∈ B we can write z = λy for some y ∈ ∂B and |λ| < 1. Then
It is impossibe because B is non-pluripolar.
Hence, by Theorem 9 of [7] , a nuclear Fréchet space having the linear topological invariant ( Ω) which is introduced by Vogt (see [21] ) contains a non-projectively-pluripolar set.
We use throughout this paper the following notations:
and ℓ a is the complex line Ca. For further terminology from complex analysis we refer to [6] .
The results
First we investigate the Hartogs lemma for sequence of plurisubharmonic functions for the infinite dimensional case. This is essential to our proofs. Lemma 3.1. Let (P n ) n≥1 be a sequence of continuous homogeneous polynomials on a Baire locally convex space E of degree ≤ n. Assume that
for each z ∈ E and some constant M. Then for every ε > 0 and every compact set K in E there exists n 0 such that
Proof. Without loss of generality we may suppose that M ≤ 0. Since
is holomorphic because for 0 < r < 1 we have
This means f is Gâteaux holomorphic on E. Now for each k ≥ 1 we put
By the continuity of P n , the sets
Hence, by Zorn's Theorem [16, Theorem 1.3.1], f is holomorphic on E. Now given K ⊂ E a compact set and ε > 0. Take 0 < r < 1 and denote
Then we have
Choose n 0 sufficiently we obtain
The lemma is proved.
The Proposition 5.2.1 in [11] says that a non-empty family (u α ) α∈I of plurisubharmonic functions from the Lelong class such that the set {z ∈ C n : sup α∈I u α (z) < ∞} is not L-polar is locally uniformly bounded from above.
The next is similar to the above result in the infinite dimensional case. Proof. Suppose that the family ( 1 n log |P n |) n≥1 is not locally uniformly bounded from above on B. Then there exists a sequence (u j ) j≥1 = (
Take w ∈ E B \ B and for each j ≥ 1 consider the function
Obviously, v j is subharmonic and, it is easy to see that v j (ζ) ≤ O(1) as ζ → 0. Hence, in view of Theorem 2.7.1 in [11] , v j extends to a subharmonic function, say v j , on ∆( w B ). Now, by the maximum principle, v j ≤ 0 on ∆( w B ). In particular,
Then there exists z 0 ∈ E B such that
For otherwise we would have lim sup j→∞ exp(
Note that, by Lemma 3.1, the sequence (
is bounded from above on any compact set in E B . This would imply from [16, Lemma 1.
2 for all z ∈ B and all sufficiently large j. But then the last estimate would contradict the definition of the constants M j . Now we choose a subsequence (
In view of (3.1) we have the extimate
for z ∈ E B , z B ≤ R and R ≥ 1. Thus w k is plurisubharmonic on {z ∈ E B : z B < R} and w k ≤ 0. Hence, the function k≥1 w k = w − log R, R > 1, is either plurisubharmonic on {z ∈ E B : z B < R} or identically −∞. Consequently, as R can be chosen arbitrarily large, w is either plurisubharmonic or identically −∞. Therefore, since w(z 0 ) > −∞, w ∈ P SH(E B ). It is easy to see that w ∈ HP SH(E B ).
which proves that the set Proof. Given a sequence (B n ) n≥1 of bounded subsets of E. By the regularity of E, for each n ≥ 1, there exists k n ≥ 1 such that B n is bounded in E kn . Without loss of generality we may assume that k n = n. Hence we can find a sequence of positive numbers (λ n ) n≥1 such that λ n B n ⊂ U n , a zero-neighbourhood in E n , for all n ≥ 1. Obviously, n≥1 λ n B n ⊂ U := n≥1 U n , a zero-neighbourhood in E. Lemma is proved.
Theorem 3.6. Let A be a non-projectively-pluripolar set which is contained in a balanced
convex compact subset of a Fréchet space E and f = n≥1 P n be a formal power series where P n are continuous homogeneous polynomials of degree n on E with values in a Fréchet space F. If for each a ∈ A, the restriction of f on the complex line ℓ a is convergent then f is convergent in a neighbourhood of 0 ∈ E.
Proof. We divide the proof into two steps: (i)
Step 1: We consider the case where F = C. It follows from the hypothesis that lim sup
Then, by Corollary 3.3 there exists a zero-neighbourhood U in E such that sup{|P n (z)| 1 n : z ∈ U, n ≥ 1} =: M < ∞. This implies that f is uniformly convergent on (2M ) −1 U.
(ii)
Step 1: We consider the case where F is Fréchet. By the step 1 we can define the linear map T :
where H(0 E ) denotes the space of germs of scalar holomorphic functions at 0 ∈ E. Suppose that
This implies that v = T (u). Hence T has a closed graph.
Meanwhile, since F is Fréchet, by [10, Theorem 13.
On the other hand, because E is metrizable, we have
where (V n ) n≥ is a countable fundamental neighbourhood system at 0 ∈ E, and · n is the norm on the Banach space H ∞ (V n ) given by f n = sup z∈Vn |f (z)|. Hence, by the closed graph theorem of Grothendieck [ 
bor . Since T is continuous and point evaluations on H(V ) bor (see [6, Proposition 3.19] ) are continuous it follows that f (z) ∈ F ′′ bor for all z ∈ V. Moreover, for each fixed u ∈ F ′ bor the mapping
is holomorphic, that is
) is a continuous mapping. For all a ∈ V, b ∈ E and all u ∈ F ′ bor the mapping
is a Gâteaux holomorphic mapping and hence 
Let j denote the canonical injection from F into F ′′ . If z ∈ B := V ∩{ta : t ∈ C, a ∈ A} and f (z) = j(f (z)) then there exists u ∈ F ′ such that
This, however, contradicts the fact that for all z ∈ B we have
We now fix a non-zero z ∈ B. Then there exists a unique sequence in F ′′ , (a n,z )
Since
Since F is complete we see, on letting λ tend to 0, that a n+1,z ∈ F. By induction a n,z ∈ F for all n and hence f (λz) ∈ F for all λ ∈ C and all z ∈ B. Since f is continuous and F is a closed subspace of (F Hence, the series n≥1 P n is convergent on V to f.
Theorem 3.7. Let F be a Fréchet space, f : ∆ n → F be a function which belongs to C k -class at 0 ∈ C n for k ≥ 0 and A ⊂ C n be a non-projectively-pluripolar set. If the restriction of f on each complex line ℓ a , a ∈ A, is holomorphic then there exists an entire function f on C n such that f = f on ℓ a for all a ∈ A.
Proof. By the hypothesis, for each k ≥ 0 there exists r k ∈ (0, 1) such that f is a C kfunction on ∆ n (r k ). We may assume that r k ց 0. Put
Then, for each k ≥ 0 and p ≥ k, P m is a bounded C p -function on ∆ n (r p ). Since λ → f (λa) is holomorphic for all a ∈ A we deduce that
By the boundedness of P k on ∆ n (r k ) we have
On the other hand, since P k ∈ C k+1 (∆ n (r k+1 )), the Taylor expansion of P k at 0 ∈ ∆ n (r k+1 ) has the form
where P k,α,β is a polynomial of degree α in z and degree β in z and ̺(z) → 0 as z → 0. In (3.4) , replacing z by λz, |λ| < 1, from (3.3) we obtain
for z ∈ r k+1 A. This yields that ̺(λz) = ̺(z) for λ ∈ [0, 1), and hence, ̺(z) = ̺(0) = 0 for z ∈ r k+1 A. Thus P k,α,β (z) = 0 for β > 0 and z ∈ r k+1 A.
Note that r k+1 A is also not projectively pluripolar. It is easy to check that
Indeed, for every ϕ ∈ F ′ , the function
is homogeneous plurisubharmonic on C n , u ≡ −∞ on r k+1 A. Since r k+1 A is not projectively pluripolar, it implies that u ≡ −∞ and hence ϕ • P k,α,β ≡ 0 on C n for every ϕ ∈ F ′ . It implies that P k,α,β ≡ 0 on C n for β > 0. Thus, from (3.4) we have
for z ∈ ∆ n (r k+1 ) and P k is a homogeneous holomorphic polynomial of degree k. Now, let ( · m ) m≥1 be an increasing fundamental system of continuous semi-norms defining the topology of F. By the hypothesis, for every m ≥ 1 lim sup
Then, by Corollary 3.3, the sequence (
is locally uniformly bounded from above on C n for all m ≥ 1. Thus we can define
By [20] the upper semicontinuous regularization u * m of u m belongs to the Lelong class L(C n ) of plurisubharmonic functions with logarithmic growth on C n . Moreover, by BedfordTaylor's theorem [3] S m := {z ∈ C n : u * m (z) = u m (z)} is pluripolar for all m ≥ 1.
On the other hand, by [14] , A * := {ta : t ∈ C, a ∈ A} is not pluripolar. This yields that u * m ≡ −∞ for all m ≥ 1 because u * m = u m = −∞ on A * \S m and A * \S m is non-pluripolar. Since u * m ≥ u m we have u m ≡ −∞ for m ≥ 1. Hence the series k≥0 P k (z) is convergent for z ∈ C n and it defines a holomorphic extension f of f ℓa for every a ∈ A.
Theorem 3.8. Let A ⊂ C n be a non-projectively-pluripolar set and (f α ) α≥1 be a sequence of formal power series of continuous homogeneous polynomials on C n with values in a Fréchet space F. Assume that there exists r 0 ∈ (0, 1) such that, for each a ∈ A, the restriction of (f α ) α≥1 on ℓ a is a sequence of holomorphic functions which is convergent on the disk ∆(r 0 ). Then there exists r > 0 such that (f α ) α≥1 is a sequence of holomorphic functions that converges on ∆ n (r).
The proof of this theorem requires some extra results concerning to Vitali's theorem for a sequence of Fréchet-valued holomorphic functions. 
Proof. (i) We first consider the case G = {0}. On the contrary, suppose that f (z * ) = 0 for some z * ∈ D \ D 0 . By the Hahn-Banach theorem, we can find ϕ ∈ F ′ such that (ϕ • f )(z * ) = 0. Let z 0 ∈ (intD 0 ) ∩ D and let W be a balanced convex neighbourhood of 0 ∈ E such that z 0 + W ⊂ D 0 . Then by the continuity of f we deduce that f = 0 on z 0 + W. Hence, it follows from the identity theorem (see [4] , Prop. Proof. It suffices to prove the implication (ii)
is the Fréchet space with the topology induced by the system of semi-norms
For each k ∈ N we denote pr k :
is holomorphic for every k ∈ N. Then by Lemma 3.9, f is holomorphic. Since the space
is closed, by the hypothesis, f (z) ∈ G for all z ∈ D 0 . It follows from Lemma 3.10 that f (z) ∈ G for all z ∈ D. Thus f (z) = lim i→∞ f i (z) exists for all z ∈ D. Note that Φ : G → F given by Φ((y i ) i∈N ) = lim i→∞ y i defines a bounded operator. Therefore f = Φ • f is holomorphic. Finally, in order to prove that (f i ) i∈N converges uniformly on compact sets in D to f, it suffices to show that (f i ) i∈N is locally uniformly convergent in D to f. Since (f i ) i∈N is locally bounded, by ([4] , Prop. 6.1) (f i ) i∈N is equicontinuous at every a ∈ D. Let a be fixed point of D. Then for every balanced convex neighbourhood V of 0 in F there exists a neighbourhood
Since lim
By the continuity of f, there exists a neighbourhood U 2 a of a in D such that
From (3.6), (3.7) and (3.8), for all z ∈ U a = U
The proof of the proposition is complete.
We now can prove Theorem 3.8 as follows.
Proof of Theorem 3.8. As in the proof of Theorem 3.6, for each α ≥ 1, define the continuous linear map
By Theorem 3.5 in [14] , the sequence (T α (u)) α≥1 converges in H(0 C n ) for every u ∈ F ′ bor . Since F ′ bor is barrelled (see [10, 13.4.2] ) it follows that the sequence (T α ) α≥1 is equicontinuous in L(F ′ bor , H(0 C n )) equipped with the strong topology. As in the proof of Theorem 3.6, by Proposition 1.8 in [5] we deduce that there exists a neighbourhood U of 0 ∈ F ′ bor such that
is bounded in H(0 C n ). By the regularity of H(0 C n ), we can find r ∈ (0, r 0 ) such that α≥1 T α (U ) is contained and bounded in H ∞ (∆ n (r)). This yields that (f α ) α≥1 is contained and bounded in H ∞ (∆ n (r), F ). Since for each z ∈ ∆ n (r) the sequence (f α ℓz ) α≥1 is convergent in ∆ 1 (r 0 ) ⊂ ℓ z , by Remark 3.1, the sequence (f α (z)) α≥1 is convergent for every z ∈ ∆ n (r). On the other hand, because (f α ) α≥1 is bounded in H ∞ (∆ n (r), F ), by Proposition 3.11 it follows that the sequence (f α ) α≥1 is convergent in H(∆ n (r), F ).
Discussion and open question.
From Proposition 3.1 in [14] it is clear that, in C n , the following are equivalent: a) A is projectively pluripolar; b) A λ := {tz : t ∈ C, |t| < λ, z ∈ A} is pluripolar for each λ > 0; c) µ(A λ ) = 0 where µ is the Lebesgue measure; d) ν(̺(A λ )) = 0 where ν is the invariant measure on the projective space CP n−1 and ̺ : C n \ {0} → CP n−1 is the natural projection.
Thus, we can restate Theorem 3.8 in an alternative form as follows to obtain an extension of Hartogs' result (cf. [1, Corollary 6.3] ) that is an immediate consequence Alexander's theorem from the scalar case to the Fréchet-valued one.
Theorem 4.1. Let (f α ) α≥1 be a sequence of Fréchet-valued holomorphic functions on ∆ n ⊂ C n . Let B be a subset of ∆ n such that ν(̺(B)) = 0 where ν is the invariant measure on the projective space CP n−1 and ̺ : C n \ {0} → CP n−1 is the natural projection. Assume that for some r 0 ∈ (0, 1), the restriction of the sequence (f α ) α≥1 on each complex line ℓ through 0 ∈ ∆ n with ℓ ∩ B = {0} is convergent in ∆ 1 (r 0 ). Then (f α ) α≥1 is the sequence of holomorphic functions which converges on a zero-neighbourhood in ∆ n .
One question still unanswered is whether we can obtain a truly generalization of Alexander's theorem (cf. [1, Theorem 6.2]) for Frechet-valued version? In other word, whether Theorem 3.8 is true or not if the uniform convergence of the family (f α ) α≥1 on the disk ∆ 1 (r 0 ) ⊂ ℓ a for each a ∈ A is replaced by normality of this family on ∆ 1 (r 0 )?
